We identify the majority of Siegel modular eigenforms in degree four and weights up to 16 as being Duke-Imamoḡlu-Ikeda or Miyawaki-Ikeda lifts. We give two examples of eigenforms that are probably also lifts but of an undiscovered type.
Introduction
For degree four, vector spaces of Siegel modular cusp forms are known through weights k ≤ 16. For weight 16 there are seven eigenforms: three quadratic pairs and one rational cusp form. From the work of Ikeda, the L-functions of two of the quadratic pairs are known. In this article, we compute the Euler 2-factors for the remaining quadratic pair and for the rational eigenform. Some of the roots of these Euler factors are not unimodular and so, presumably, there are two new lifts to be discovered. If not, the generalized Ramanujan-Petersson conjecture needs significant modification. The unexplained Euler 2-factors do factor in interesting ways, see Table 2 . In this article we survey all L-functions for degree four and weights k ≤ 16. We both explain how to compute Euler factors in higher degree and actually compute some. We find congruences between particular Euler factors and prove the nonvanishing of particular Miyawaki lifts.
Lifting conjectures have been motivated by the computation of Euler factors of L-functions of Siegel modular Hecke eigenforms. Let S k n denote the Siegel modular cusp forms of degree n and weight k. For Hecke eigenforms in S 10 2 and S 12 2 , Kurokawa [15] computed some Euler factors and noted their factorization into Euler products of elliptic modular cusp forms and zeta functions.
1.
Saito-Kurokawa-Maass lift. Duke and Imamoḡlu studied the factorization of the Euler factors of the Schottky form in S 8 4 and, in analogy with the Saito-Kurokawa lift, conjectured a lifting proven by Ikeda [9] . 4.
Duke-Imamoḡlu-Ikeda Lift. For even k, n and (n + k)/2, each eigenform f ∈ S k 1 corresponds to an eigenform I n ( f ) ∈ S (n+k)/2 n whose standard L-function is
Ikeda has also solved Miyawaki's first conjecture with an additional natural nonvanishing condition, see [8] . See also [12] for the resolution of a germane conjecture in [8] . In contrast, Miyawaki's second conjecture remains open. Given a complex function g on the Siegel upper half space, define g c by g c (Z ) = g(−Z ).
5.
Miyawaki-Ikeda Lift. Let k, n + r andk = (n + r + k)/2 be even integers with r ≤ n. Each pair of eigenforms f ∈ S k 1 and g ∈ Sk r corresponds to an element M n ( f, g) ∈ Sk n via M n ( f, g)(Z n ) = I n+r ( f )(Z n ⊕ Z r ), g c (Z r ) , where ·, · is the Petersson inner product. If M n ( f, g) is nontrivial, then it is an eigenform for the even Hecke algebra and
A persistent theme in the articles of Kurokawa and Miyawaki is the difficulty of computing Fourier coefficients and Euler factors of eigenforms. The Fourier coefficients for our examples were computed in [18] and here we use Krieg's matrix [14] to compute Euler factors from Hecke eigenvalues. In particular, we compute Euler 2-factors for all of the Hecke eigencuspforms in degree four where [3] Lifting puzzles in degree four 67 dim S k 4 is currently known, namely k ≤ 16. Two of our examples look suspiciously like unknown lifts because their Euler 2-factors possess rational factors of lower degree and because not all of their Satake parameters are unimodular. However, we cannot identify these factors with Euler factors of eigenforms of lower degree and so leave the matter as lifting puzzles.
The most interesting case is weight 16 with dim S 16 4 = 7, see Table 2 . Here there are three pairs of eigenforms with quadratic irrationalities and one rational eigenform. Two eigenforms, h 1 and h 2 , are Ikeda lifts. Two eigenforms, h 5 and h 6 , are Miyawaki lifts and we prove this by verifying the nonvanishing of the relevant inner product. Another pair, h 3 and h 4 , have Euler 2-factors which factor into elliptic factors and a rational quartic factor of unknown origin. Neither do we know what to make of the rational form h 7 , whose Euler 2-factor has no unimodular roots.
We summarize the results of our computations: For an elliptic modular eigenform f ∈ S k 1 , we may normalize f so that the Fourier expansion f (τ ) = ∞ j=1 a( j; f )q j satisfies a(1; f ) = 1. The Hecke L-function is then defined by
18209 be the two normalized eigenforms of weight 28. The standard L-function of the Ikeda lift I 4 (φ ± 28 ) ∈ S 16 4 is
The Euler 2-factor is given by
These are exactly the Euler 2-factors computed for h 1 and h 2 in Table 2 , so that h 1 is the Ikeda lift of φ + 28 to degree four and h 2 is the lift of φ − 28 . To identify h 5 and h 6 as Miyawaki lifts, let φ 26 (τ ) = q − 48q 2 + · · · be the normalized eigenform of weight 26 and φ ± 30 (τ ) = q + (4320 ± 96γ )q 2 + · · · with γ = √ 51 349 be the two normalized eigenforms of weight 30. The two Saito-Kurokawa lifts I 2 (φ ± 30 ) span S 16 2 . In Section 5 we prove that M 4 (φ 26 , I 2 (φ ± 30 )) is nontrivial, so that it is an eigenform with standard L-function 68 C. Poor, N. C. Ryan and D. S. Yuen [4] The Euler 2-factor is given by
From Table 2 we see that M 4 (φ 26 , I 2 (φ + 30 )) gives h 5 and M 4 (φ 26 , I 2 (φ − 30 )) gives h 6 . Consider the pair h 3 and h 4 . From Table 2 , the Euler 2-factor of h 3 is given by
Thus, h 3 looks like a lift but we do not know the origin of the quartic factor. It is the only factor in Table 2 with unimodular roots, namely η ± i 1 − η 2 for η = (9 ± √ 1 277 521)/2048. Both quadratic factors, Q 2 (φ + 28 , 2 −14 X ) and Q 2 (φ + 28 , 2 −15 X ), are shared with the Euler 2-factor of h 1 and the Fourier coefficients of h 1 and h 3 are both algebraic integers in Q( √ 18 209). We also see that h 1 and h 3 are congruence neighbors in the following sense: their Hecke eigenvalues at p = 2 are all congruent modulo certain primes in the ring of integers of Q( √ 18 209); namely at three, at a prime above five and at a prime above seven.
Finally, consider the Euler 2-factor of the rational form h 7 . If we introduce a pretend Euler factor with an integer parameter ,
then we have the following factorization for any choice of :
These look like Euler factors of weight 22 + 2 with the s variable translated by 10 + and 11 + . However, none of the level-one elliptic Euler 2-factors from weights k = 24, 28, 30, 32, 34 or 38 have coefficients that generate the quadratic field Q( √ 764242).
Notation and background
In this section we give basic definitions and recall theorems of Andrianov and Satake. We define Siegel modular forms, the Hecke algebra, the spherical map and the Satake parameters. For a commutative ring R let M m×n (R) denote the R-module of m-by-n matrices with coefficients in R. For
we denote the set of these by P n (R). The half-integral matrices are
Let GL n (R) = {x ∈ M n×n (R) | det(x) is a unit in R} be the general linear group and SL n (R) = {x ∈ GL n (R) | det(x) = 1} the special linear group. For x ∈ GL n (R) let x * denote the inverse transpose. Let I n ∈ GL n (R) be the identity matrix and set J n = ( 0 I n −I n 0 ) ∈ SL 2n (R). The symplectic group is defined by Sp n (R) = {x ∈ GL 2n (R) | x J n x = J n }. We write n = Sp n (Z) and for R ⊆ R define the group of positive
For any function f : H n → C and any k ∈ Z we follow Andrianov and let n = n(n + 1)/2 and define the group action for M ∈ GSp + n (R) by
The complex vector space of Siegel modular forms of degree n and weight k is denoted by M k n and is defined as the set of holomorphic f :
By the Koecher principle, an f ∈ S k n has a Fourier expansion
The Petersson inner product f, g = F n det(Y ) k−n−1 f (Z )g(Z ) d Z makes S k n into an inner product space. Here the integral is over a fundamental domain F n for the action of n on H n and Z = X + iY ∈ H n and d Z = 1≤i≤ j≤n d X i j ∧ dY i j .
We now introduce various Hecke rings. For a group contained in a semigroup S, the pair ( , S) is called a Hecke pair if, for all s ∈ S, \ s is finite. The free Qmodule on the left cosets s with s ∈ S is denoted by L( , S). A right action of on L( , S) is given by s → sγ for γ ∈ and the -invariant subspace is denoted by H ( , S). If we identify a double coset s = i s i with i s i ∈ L( , S), then H ( , S) is generated by double cosets. The binary operation on H ( , S) × L( , S) given by ( a i s i )( s) = a i s i s is well defined and restricts to make H ( , S) an associative ring. We define
H n = H ( n , S n ) = the integral Hecke algebra, S n, p = S n ∩ GL 2n (Z[ 1 p ]); H n, p = H ( n , S n, p ) = the p-part of H n , S n, p = S n, p ∩ M 2n×2n (Z); H n, p = H ( n , S n, p ) = the p-part of H n . an action that stabilizes S k n . The subalgebra generated by the double cosets n s n for s ∈ GSp + n (Q) with µ(s) ∈ (Q × ) 2 is called the even part of the Hecke algebra. Each Hecke operator is self-adjoint with respect to the Petersson inner product and so M k n has a basis of simultaneous eigenforms. We know that H n is generated by ∪ p H n, p and that H n, p is generated by H n, p and n ( p I 2n ) −1 . The p-part of the integral Hecke algebra, H n, p , is generated by the double cosets, for 1 ≤ i ≤ n:
We also define T 0 ( p 2 ) = n diag(I n ; p 2 I n ) n .
It is no small matter to turn these abstract definitions into a programmable action on the Fourier coefficients. The following formulae in [2] are what we require here. Using the notation in Section 2, for
In the above formulae, use the following notation. Define the exponential sum
where the notation M s indicates that M ∈ M s×s (Q) and 0 indicates the zero matrix. The summation is only over symmetric M. The representatives of double cosets are found by enumerating the set G(r, s, t) for r + s + t = n, which is the union of the following (extend the notation to let M r,s denote an element of M r ×s (Q)): 0, a, b) , a 1,s mod p, b 1,t mod p 2 [7] Lifting puzzles in degree four 71 and 0 1 0
where it is understood that G(r, s, t) = ∅ if any of r , s or t is negative. The only comment we add to these formulae of Breulmann and Kuss is that, in the summation for e(T, U ), a zero-dimensional matrix of rank zero must be allowed; that is, we take e(T, U ) = 1 when i = n and s = 0. These formulae were used to compute the Hecke eigenvalues in Table 1 from the Fourier coefficients at [19] . By a fundamental result of Satake, the p-part of the integral Hecke algebra is isomorphic to the invariant ring Q[x 0 , . . . , x n ] W n , where W n is the group generated by the permutations of x 1 , . . . , x n and by the automorphisms
To define this isomorphism, write left cosets from n \ S n, p in the form n M with
The terms p δ and GL n (Z)D depend only on the left coset n M and the sequence of elementary divisors p δ i is determined by GL n (Z)D. Letting
defines an algebra homomorphism : L( n , S n, p ) → Q[x ±1 0 , . . . , x ±1 n ] that induces the Satake isomorphism : H n, p → Q[x 0 , . . . , x n ] W n . The map is a universal object for complex one-dimensional representations of H n, p , see [1, p. 165 ]. THEOREM 2.1. Let λ ∈ Hom Q (H n, p , C) be a nontrivial homomorphism. There is an α = (α 0 , α 1 , . . . , α n ) ∈ C n+1 such that the following diagram commutes.
In particular, given an eigenform F ∈ S k n of the Hecke algebra H n , we may define a homomorphism λ F : H n → C by λ F (T )F = F| k T . For each prime p, we have 
the restriction λ F : H n, p → C and the (α 0, p , . . . , α n, p ) promised in Theorem 2.1 are called the Satake p-parameters of F and satisfy (T )| x:=α = λ F (T ) for T ∈ H n, p . The Satake parameters of F are used in the definition of the L-functions attached to F. In particular, the standard L-function is given by
The spinor L-function is given by
Computing Euler factors
In recent work the first and third authors have computed bases for the spaces of degree four Hecke eigenforms in weights up to 16. In what follows, we show how to compute the Hecke eigenvalues of these forms and from this deduce their Satake parameters at the prime two. In all cases, the standard L-functions factor, suggesting that all of the forms in [18] are lifts. All but three of the computed forms we identify as either Ikeda lifts or Miyawaki lifts, leaving us to wonder whether there are two previously unidentified lifts into genus four.
In what follows, we make use of the following notation. For a polynomial f ∈ Q[x 0 , . . . , x n ] we set (σ · f )(x 0 , . . . , x n ) = f (σ (x 0 ), . . . , σ (x n )) and set
Also, if b = (b 1 , . . . , b n ) ∈ Z n , by x b we mean the monomial x b 1 1 · · · x b n n . A similar meaning is implied by α b .
Parallel to the generators for H n, p , the ring Q[x 0 , x 1 , . . . , x n ] W n is generated by x 0 (1 + x 1 ) . . . (1 + x n ) and [x 2 0 x (1,1,..., 1) ], [x 2 0 x (2,1,...,1) ], . . . , [x 2 0 x (2,2,..., 2, 1) ]. Note that, if there are twos in the superscript (2, . . . , 2, 1, . . . , 1), then [x (2,...,2,1,..., 1) ] = x 2 0 x 1 . . . x n V (x) where V (x) = e 1 ,...e n ∈{1,0,−1}:|e 1 |+···+|e n |= x e 1 1 x e 2 2 . . . x e n n .
We note that V (x) is just the th elementary symmetric polynomial in the variables
The generators of H n, p are related to the generators of Q[x 0 , x 1 , . . . , x n ] W n in the following Theorem [6] , see [21] for a more general statement. https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0004972708001317 [11] Lifting puzzles in degree four 75
Also, there exists an upper triangular matrix K n ( p 2 ) ∈ M (n+1)×(n+1) (Z[1/ p]) with positive coefficients on and above the diagonal such that (T n ( p 2 ), . . . , T 0 ( p 2 )) = ([x 2 0 x (1,1,...,1) ], [x 2 0 x (2,1,...,1) ], . . . , [x 2 0 x (2,2,...,2,2) ])K n ( p 2 ).
The key computational point is that, for n ≥ 2, the entries of the matrix K n ( p 2 ) have been given by Krieg [14] . For n = 4 the Krieg matrix is given by
For general n, a Maple program that computes K n ( p 2 ) may be found at [20] . 
If we write k(x) = (k 0 (x), k 1 (x), . . . , k n (x)), λ F ( p 2 ) = λ F (T n ( p 2 ), T n−1 ( p 2 ), . . . , T 0 ( p 2 )), then the following relations give k(α) as a linear function of λ F ( p 2 ): k(α) = V (α)P n and λ F ( p 2 ) = p nk− n V (α)K n ( p 2 ).
PROOF. We first note the effect of the slash normalization on the Satake parameters. For any modular form F ∈ M k n , F| k T n ( p 2 ) = F| k p n = ( p 2 ) nk− n det( p I n ) −k F = p nk−2 n F.
Thus, the equality λ F (T n ( p 2 )) = p nk−2 n is independent of F. Since T n ( p 2 ) = p n consists of one coset, we may compute (T n ( p 2 )) = p − n x 2 0 x 1 . . . x n directly from the definition. Therefore, the Satake parameters of an eigenform F satisfy α 2 0 α 1 . . . α n = p nk− n .
In the defining relation of the Krieg matrix, K n ( p 2 ),
we may substitute the Satake parameters x := α to obtain
The other relation, k(x) = V (x)P n , is combinatorial; for example, when is even,
With these formulae from the Krieg matrix we may compute the Euler 2-factors in Table 2 from the Hecke eigenvalues in Table 1 . As a check on computations, one may use the following relation. THEOREM 3.4. For n ≥ 2, the following relation holds in H n, p :
PROOF. This is Proposition 5.1 in Hafner-Walling [7] , rewritten in Andrianov's notation. 2
Computing Duke-Imamoḡlu-Ikeda lifts
Let n, k and (n + k)/2 be even. Let φ ∈ S k 1 be an eigenform. The Ikeda lift of φ to I n (φ) ∈ S (n+k)/2 n is described in [9] . Let ψ ∈ S (k+1)/2 1 ( 0 (4)) + be a form corresponding to φ under the Shimura correspondence. (In this paper we always normalize ψ so that the leading coefficient of its Fourier expansion is one and thereby give meaning to equations such as I 4 (φ 16 ) = −168 G 10 . This somewhat arbitrary choice aids the reproduction of our results and the debugging of code.) [13] Lifting puzzles in degree four 77
For a fixed T ∈ X n , we now describe how to calculate the Fourier coefficient a(T ; I n (φ)). For each prime p that divides det(2T ), along with the prime two, calculate the genus symbol G p of T , see [3] . Using the recursion worked out by Katsurada [10] , the polynomial F p corresponding to this genus symbol is computed. We refer the reader to [9] or [10] for the definition of the F p polynomial. We thank O. King for giving us his LISP program that computes F p when the genus symbol G p is given as input, see [13] .
Use the rational function if y is square free and y ≡ 1 mod 4, δ(y) where y is square free and y = 2 y for some ∈ Z.
The Ikeda Fourier coefficient at T is a(T ; I n (φ)) = a(|δ((−1) n/2 det(2T ))|; ψ) det(2T ) |δ((−1) n/2 det(2T ))| (k−1)/4 c T .
Computing Miyawaki-Ikeda lifts
The Witt maps are given by restriction to the reducible locus, see [22] .
The following is essentially due to Ozeki, see [17] . PROPOSITION 5.2 . For all f ∈ S k n ,
The Fourier coefficients of Witt images are typically calculated by the enumeration of T with fixed T 1 and T 2 ; see [18, p. 210 ] for a specific example.
In the next proposition we use the generators of the ring M 2 = C[E 4 , E 6 , χ 10 , ψ 12 ] given by Igusa. We refer to [18] for the definition of the various eigenforms f i and for the normalization of Fourier coefficients as well. We let root lattices A 4 , D 4 , and so on, stand for any Gram matrix of the corresponding lattice, see [3] . PROPOSITION = a( 1 2 (A 1 ⊕ A 3 ⊕ A 2 ); I 6 (φ 22 )) + 264a( 1 2 D 6 ; I 6 (φ 22 )) + 288a( 1 2 E 6 ; I 6 (φ 22 )) + 96a( 1 2 A 6 ; I 6 (φ 22 )) + 90a( 1 2 D 5 ⊕ 1 2 A 1 ; I 6 (φ 22 )) + 24a( 1 2 A 5 ⊕ 1 2 A 1 ; I 6 (φ 22 )) + 6a( 1 2 A 3 ⊕ 1 2 A 3 ; I 6 (φ 22 )) = −54 120 + 264(10) + 288(1) + 96(−88) + 90(−132) + 24(736) + 6(17600) = 51 744 = 1848(28).
The Fourier coefficients a(·; I 6 (φ 22 )) are computed according to Section 4. Since a( 1 2 D 4 ; f 9 ) = 2, a( 1 2 A 4 ; f 9 ) = −5, a( 1 2 (A 2 ⊕ A 2 ); f 9 ) = −198 and a( 1 2 (A 1 ⊕ A 3 ); f 9 ) = 28, see [18, PROOF. By definition, we have M 4 (φ 22 , χ 10 E 4 ) = ψ * 42 I 6 (φ 22 ), (χ 10 E 4 ) c . Since χ 10 E 4 has Fourier coefficients in Q, a totally real field, we have (χ 10 E 4 ) c = χ 10 E 4 . By Proposition 5.3, we conclude ψ * 42 I 6 (φ 22 ), (χ 10 E 4 ) c = 1848 f 9 ⊗ χ 10 E 4 , χ 10 E 4 = 1848 χ 10 E 4 , χ 10 E 4 f 9 .
2
A similar but more involved computation gives the following proposition and corollary. Since S 16 2 is two dimensional, we expect to obtain two Miyawaki lifts from the Ikeda lift I 6 (φ 26 ) ∈ S 16 are Miyawaki lifts, M 4 (φ 26 , I 2 (φ + 30 )) = ω − I 2 (φ + 30 ), I 2 (φ + 30 ) h 5 and M 4 (φ 26 , I 2 (φ − 30 )) = ω + I 2 (φ − 30 ), I 2 (φ − 30 ) h 6 .
Final remarks
Hecke eigenbases of S k 4 for even k ≤ 16 were given in [18] . For odd k ≤ 16, the S k 4 are trivial, see [4] for some of these results. We survey these standard L-functions in degree four. The Schottky form J 8 spans S 
